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ABSTRACT

The traditiond formulation of logit models applied to transport demand assumes a
compensatory (indirect) utility function, that is the consumers draiegy assumes trade
off between atributes. Severd authors have criticized this gpproach because it fails to
recognize attributes thresholds in consumers behavior, or a more generic doman where
such compensatory drategy is contained. In this paper a mixed dSrategy is proposed,
which combines the compensatory drategy vdid in the interior of the choice doman
with cutoff factors that restrain choices to the domain edge. The proposed CMNL modd
combines the multinomid logit modd with bi-nomid logit factor that represent soft
cutoffs  This gpproach extends previous contribution by dlowing multiple dimensons
for cutoff factors, but aso introduce system condraints such as cgpacity and inter agents
interactions (choice externdities). The andyds of this modd incdludes a method to solve
the nonlinear fixed point problem that arises when system condraints are conddered
and a =t of evduation tools a socd utility of the congrained problem and a measure of
the shadow price of each condraint.
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INTRODUCTION

Following Domencich and McFadden's book (1975), the random utility modd assuming
a Gumbd digribution for utilities has been widdy goplied in urban sudies, producing
an extensve literature of logit modes based on different covariance matrix structures,
such as Multinomid, Nested ad Mixed logit modds among othes The man
microeconomic  underpinning assumption of these modds is the compensatory drategy
folowed by individuds, i.e their decison draiegy assumes trade-off between atributes.
This assumption has been criticized by severd sdentidss who dam that a non
compensatory behavior is potentidly more redidic, as for example the dimination-by-
agpect (EBA) process (Tversky, 1972). A naturd approach to relax the compensatory
assumption, proposed by Manski (1977) and followed by Swait and BentAkiva (1987),
BerAkiva and Boccara (1995), Cantillo and Ortlzar (2004), among others, is to
explicatly modd the choice st generation process usng a two-dage goproach: fird, the
feasble choice st is generated for each individud and, second, a compensatory modd
cdculaes the choice probability conditiond on the choice s&t. The gopeding of this
goproech is that it permits different modds to smulate the phenomena asxociated to
each stage (Cascetta and Pgpola, 2001), but it is computationaly complex because the
number of possble choice sats explodes with the number of dterndives with a
maximum o 2™-1 choice sts for m dternaive options. Heuristic gpproaches has been
proposed to reduce this difficulty, as the pair wise comparisons of dternatives suggested
by Morikava (1995). However, the choice st formation process is not sufficiently
efident if the number of dterndives is large like in the case of paid choices (eg. trip
dedintion and locaion choices), and not goplicable in more complex processes
involving intendve choice making cdculdions like equilibrium and  optimization
Processes.

The mode proposed by Cascetta and Papola (2001) extends the compensatory utility
function in order to smulae (rather than generate) the perception/avalability of an



dtendive implictly, leading to a onesep agoproach named the implicit
avalability/perception modd (IAP). In this modd the choice-set of dternatives is a
fuzzy s, where each dement has a degee of membership to the choice =; thus, the
choice-set is “soft” rather than “crisp”.

Swait (2001) modes choice behavior incorporaing a wide range of decison drategies
usng an dtendive goproach. He extends the dandard determinidic utility
meximization problem by induding condraints on the vaues that the aitributes and
prices can atan for a choice to be feasble, which define a set of lower and upper
bounds or cutoffs for each dterndive. These condraints represents a feesble domain
whee the indvidud is willing -or can meke choices with dtributes bounds
reproducing ideologicd cutoffs, (for example the EBA process), economic condrants
(eg. income or time budgets) and physcd limits. Thus, the author proposes a flexible
verson of the deteminigic utility optimization problem by rdaxing condraints which
are introduced as linear pendties in the utility function that are activated if cutoffs are
violated.

As other implicit gpproaches, the IAP and Swat's modds are a one-step method based
on a “reduced” form modd of behavior. The underpinning rationde is given by Swaits
“it is behaviordly equivdent whether the decison-maker smply chooses the best good
that stisfies the condraints, or dternaively, fird screens based on condraints, then
choosss the best dterndive’. While we share this statement, Swait's modd can be
criticized because it introduces a linear relaxation to cutoffs, which means that & the
cutoff the utility functions “kinks’ (changes the dope) because the pendty is activated.
Such kinks makes the utility function non-differenticble & the cutoff, introducng a
difficulty in cetan complex caculaiion processes like equilibium and optimization
processes, or in sysgems with large number of agents making choices on choice sets that

2 Soft constraint means that the constraint can be violated to some extent.



change ther attributes in the process (like price adjusment to equilibrium); conversdy,
the |AP modd may be specified to avoid such difficulty.

The condrained logit modd (CLM) proposed in this paper combines agpects of Swait's
and the IAP modd. It follows a one-stage goproach usng a reduced utility function that
implicitly imposes cutoffs to choice makers Our condrained utility function is Smilar to
the IAP modd in that goplies the bi-nomid logit to Imulate soft cutoffs by a continuous
ad diffaetidble extended utility function. However, we amulae a full st of
condraints on atributes and prices 0 the CLM condrans choices to a multi-
dimendond doman. We dso advance the andyss for the case of a multinomid verdon
of the CLM, denoted CMNL. For this modd we study the more complex case of sysem
condraints, where dternatives attributes depend on the choices potentidly made by the
whole populaion of decisonmekes In this case, these constrants introduce
endogenous varigbles in the forecasting process to represent the complex issue of

externdities in consumption.

The CLM'’s theoreticd framework is presented and discussed in the following sections.
Next we present and andyze the choice probabilities for the specid case of the
multinomid logit, which defines the condraned multinomid logit modd (CMNL).
Then, we sudy the use of the CMNL to forecast choices, with focus on the norlinear
effect introduced by endogenous condraints. This modd is then further dudied to
produce two evduating tools a socid benefit measure and the shedow price for each
condraint. The paper ends with a brief presentation of the wide range of gpplications of
the CLM modd in spatid sudies.

THE CONSTRAINED CHOICE PROBLEM

Congder the following dass of optimizaion problems widdy used in microeconomic
theory to describe agent’s behavior of discrete goods. Each agent n behaves according to



the (indirect) utility function U, when deciding the best choice among a sat of |
dterndtives contained in the st C. Assume tha the utility function depends on K-1
dimensond atributes s, denoted by vector X1 R® ', and on the dternative price
p.1 pwith vedor pi R'. We can define a st of atributesiprices cutoffs for the n”

agent, including a lower and an upper cutoff for each atribute/price k, denoted by ank

and bnk respectively, which dictates acceptable dtribute/price vaues. Thus, consder the
folowing vectors

Ay =[ay,ay,, - ayl, a7 =000, -.by] D

This defines the doman D, for the individud's feesble choices with the convention
that parameters a,x and bk are price bounds. Note that bounded parameters are

asumed independent of the specific dternative, which is a usud case, but this can be
extended to consder the case of dternatives specific bounds.

Then, theraiond choice behavior ismodded by the following optimization problem:
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where d. represents the individua’s choice, X is the vector of attributes that describes

dternative i, p; is the price of the dternative and U(X,p) is the indirect utility function.
The problem maximizes the aggregated utility across the st of chosen dterndives
subject to the condition that condraints can not be violated in any chosen dternative. In
the following we define vector Z=(X;, p) T R, which contains dl atributes (induding



the price) of an dterndive. Note that condraints are assumed pecific to the choice
maker; the case of condrants equd to dl individud is a specid and more Imple case of
problem (2).

It is noteworthy that problem (2) assumes that dtributes are exogenous to the choice
process bdow we extend this problem assuming X = X(d), named as endogenous
condraints, which represent choice externdities thet are relevant in forecasting demand.

THE MULTIDIMENS ONALLY CONSTRAINED UTILITY

Congder now the classcd modd where the behavior function is a random varigble, thet
is U, =V,+e,, with V, a sysemaic compensatory utility and e, the random term.
Then, individud’s® choices are represented by the probabiliies associated with the
digribution of e, across dterndives in C. The widdy used logit modd is derived upon
assuming that random terms are didributed Gumbd, which implies that el [-¥,¥],
then utilities are uncongtrained.

In order to redran behavior to the individud’'s feesble s, our method defines a
“condrained utility” function that induce the individud to meke choices that bdong to
her feesble domain D, with certain probebility. As will be evident later, this probability
may be as high as desred but not certain, because we dlow cutoffs to be violated to
some extent, such tha the probability of choosng an dterndive out of D, is limited to a

madimum h ={h, k =1,...,K}. Additiondly, the condrained utility function is assumed
compenstory in the interior of the individud’'s domain, but non-compensatory in a
vidnity of thedomain.



To obtain a utility function condrained to a multi dimensons domain, our gpproach is
gmilar to the IAP modd, because we a0 augment the usud compensatory utility
function by a new cutoff term, cdled utility pendty. Thus, a compensstory term (V)
and an additive cutoff term define the congrained utility, asfollows

V,(Z)=V5 (2)+Sint @) +e, 3)

with e assumed Gumbd didributed (0, m). Notice that the cutoff term is amplified by
the Gumbd scde paameter, which increeses the pendty as the utility dispersgon
increases. Thus, the cutoff term may be understood as a displacement of the systematic
utility term, or the utility pendty, such that the resulting choice probability complies
with the cutoff congtraint with some given probebility h .*

The pendty term contains the generdized cutoff factor f ., which is defined as a
composite factor of the st of dementary attributes/price, lower and upper, cutoffs by

ni?

5
f =Qf . *Y . Each dementary cutoff factor is defined as a binomid logit function
k=1

because it is an interedting and ussful example it is ample for the presentation of the
modd and it has been dmilarly used by Swat and Ben-Akiva (1987), Ben Akiva and
Boccara (1995) and Cascetta and Pgpola (2001), but more importantly, it provides some
relevant properties when the modd is used in studies with endogenous condraints, as
shown bdow. Then:

L 1 i1 if (ay- Z)® -¥
1+ eXp(wk (ank - Zki +r k)) ’:\hk lf a'nk = Zki

(42)
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3 Weuseindividual asageneral expression for the decision maker, which more generally may be defined
as an economic agent because we include institutions and companies.
# Cascetta and Papola(2001) propose asimilar utility penalty but without the 1/ m factor.
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that represents the dementary lower and upper cutoff factors. Additiondly, we define:
rk:ixjnad-hkg (4c)
Wk hk ﬂ

The performance of other functions may be explored, for example Cascetta and Papola
(2001) dso andyze the Gamma digribution for the single (not composite) cutoff factor.

Obsrve that the generdized cutoff factor is (ques) innocuous for any feesble
dternatives, i.e those with z1 D,, because f ® 1; conversdy, if any eement
z,1 D, then f _ ® 0 and the choice probability dso tends to zero for this dterndtive
performing a soft compliance of the condrant. Also note that each dementary cutoff
factor in equations (4) may be interpreted as binomid choice with two dternatives
respect or violate the specific cutoff. The parameter w represents the scae factor of the
binomid logit function tha messures the behavior digperson regading violdion of
cutoffs. Figure 1 depicts the binomid — lower and upper — cutoff functions, and Fgure 2
shows that the parameter w controls the softness of the cutoff. The other parameters are
the cutoff tolerance, with r « defined in the same units as the k" variableand n defined
as a choice probability tolerance. This tolerance can be as amdl as desred but not zero,
implying that the modd can not be goplied for deterministic compliance of cutoffs, some
degree of tolerance is dructurdly imposed. For smplicity in the presentation h s
specified congtant for dl agents, but an individua specific condtant is aso possible



Figure 1. Thelower and upper binomial cutoff functions
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Figure 2: Theeffect of the scale parameter on upper cutoff factors
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Also for amplicity we have conddered only one pair of cutoffs (lower and upper) per
atribute, but our method can indude more cutoffs to represent the combined effect of
more or less binding condrants. Note that in this case of multi-cutoffs for a given
atribute (aither upper or lower bound), the determinidic gpproach would diminae al
but the most binding cutoff, because the ret are zero by definition. However, in our
dochedic goproach even not binding cutoffs have some effect on choices, dthough the
mog violated have a larger effect. For example, condder the case of an dternative with
a price cose to the sdf-imposed maximum expenditure, which defines a fird cutoff; the
second, less binding, but dricter cutoff is the individud’s income. The utility will tend to
be reduced primarily by the fig cutoff, but some extra reduction is produced by the
second cutoff; these combined effects seems to be plaugble in the red context. The
method may dso consder cutoffs defined by acombination of attributes.

Our modd can be compared with Swaits (2001) modd because both modds pendize
utilities of choices out the doman, but while his modd assumes a linear pendty function
oursis nortlinear. Indeed, our utility pendty factor is:

©

This perdty is negaive (disutility) for dl Z out of the individud's doman D, and
increases exponertidly as one (or more) aitributes are farther out the domain. Another
rdevant difference is tha Swats linear pendty yidds a continuous utility function but
not differentisble at cutoff vaues of atributes Conversdy, an advantege of the non
linear goproach isthat utilities are continuous and differenticblefor dl z1 R.



At this point we ague dong with other authors previoudy mentioned, that the
optimizetion problem with soft condrained utilities is the natural represertation of the
individud’s choice problem. This argument rases from the obsarvetion that in socid
stiences cutoff limits are naurdly soft because individud choices are subject to the
individuals perceptions, even in the case of physcd condraints as cgpecity. Then it is
neturd to assume that the behavior associated to cutoffs has arandom nature.

The cutoff tolerance parameter g may be undergood in a dynamic context, because the
tolerance to accept pendties may be specified as dependent on previous experiences, in
a way that those individuds that had chosen dternaives in the vidnity of the doman
limit have a better knowledge of the pendty and the bendfits Thus we can podulate that
their tolerance is different compared to Smilar individuds in dl aspects except from
their experience.

THE CONSTRAINED MULTINOMIAL LOGIT MODEL (CMNL)

The individud choice problem under the condrained utility function defined in eguation
), is

MaxV,(2) = V5 (Z)+ =it , (2)) ve, (6)

with C the universal st of dtemnatives and f , =f (Z;). Expresson (6) is the reduced
dochadtic objective function that represents an sochadtic verson of the choice problem
(@, with Vthe indirest uility function that complies with the problen domain. The
solution of this problem yidds the following congrained choice probahilities
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The assumption that the condrained utility is digributed identicd and independent
Gumbd yidlds the following multinomid probatility function:

—_ fni >e>(p( WH(I:)
af, epnvys)
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(8)
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This expresson represents a choice probability that complies with the feasble doman
D, , which tends asymptoticdly to zero if any of the dtemndive dtributes violates any
cutoff. At the very cutoff, the usud compensatory probability is multiplied by tolerance
probability factors h s This modd, named Condraned Multinomia Logit (CMNL),
preserves the closed expressions of the equivaent dassca compensatory logit modds.

Notice that the multinomia modd in equation (8) can be formdly derived from a joint
multinomia choice modd, where eech upper levd dternaive is conditioned by a lower
st of binomid moddsthat checksif the dternative beongs to the domain.

It is now important to meke same comments regarding cdibration methods. Fird, as in
the uncondrained multinomid logit modd, there is no need to cdibrae the paameter
m, because it is embedded in the parameters of compensatory utility V© and does not
affect cutoff vaues Secondly, the gpplication of usud techniques, eg. the maximum
likelihood procedure or the leest squares, in the context of parameters of the cutoff
fuctions may not be dways direct. In ther usud gpplication, the parameters adjust the
model to reproduce observed choices, while cutoff parameters are associated to barely
observed behavior because dnce they represent choices theoreticdly unfessble.
Nevethdess, Cascetta and Peapola (2001) apply the maximum likdihood method to



obtain cutoff parameters obtaining a “better” modd than the uncondrained, reporting
highly significant coefficients for parameters associated with cutoff variables

Snce the daa required for cdibrating cutoff parameters is very spedific, reflecting the
decison maker behavior & each edge of the choice doman, we ague that <Sated
preferences (SP) data, specidly reporting choice answers a the cutoff vicinity, is more
adequate to meke a condgent goplication of traditiond cdibration methods than
reveded preferences (RP).

FORECASTING ISSUES

Individud choices ae usudly dso condraned by two types of sysem condrants that
do not affect the mode cdibration but have a crudd effect on forecaging choices
because the totd demand for dternatives is condrained. We differentiate between two
system condraints according to ther role in the demand modd. Type | condraints occur
by the sauration of the infrastructure capacity —exogenous condraints-, namdy road
and public trangport capacity, land space, and numerous policy regulations. Type |l
condrants are individuds thresholds on dtributes —endogenous condrants—, with
atributes defined by the outcome of dl other consumers choices, for example
neighborhood qudity in resdentid location choice when qudity is defined, for ingance,
by socioeconomic, recid or reigious condition of neghbors invehide congedion in
trangport choice. In economic terminology, Type Il ae consumption externdities thet
reproduce fundamentd, redl and complex effectsin urban markets.

A large number of Type | sysem condraints may be expressed by the fallowing (linear)
expresson:
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where y;; are exognous parameters that define the amount of the scarce resource | used if
dterndtive i is chosen; Py is the n™'s consumer probability of choosing dterndtive i;

ay;,by; arethelower and upper system constraints for thej™ capedity in dternativei.

To introduce sysem condraints Type | in the demand mode we gpply the reduced (or
condrained) utility goproach that interndizes dl sysem condraints on each individud
choice process. Agan, we define the vector of sysem condraints for each of the |
dterndivesand J condraints for eech dternative:

C_IiL=[£i1,5i2, g.ia], a|u :[Bil,BiZ, bis] (10)

which define the dternative's sub-doman Di. We dso define the aggregated demand

for resources;j generated by dtemativei, givenby Y;;(P)=gQ v, P, -

The condraned utility function (3) is further augmented by pendties of violding the
sysem condrants, yieding:

Va(Z,) =VE(Z) +—Inf 4 (Z)+2IF (P) +e, (11)
m m

where the sysem cutoff factor is defined as a function of the choice probabilities on

&
dterndtive i, given by marix P, for dl individuds Addtiondly, F,=QF ;¥ with

j=1

each dementa term defined by:
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The Type Il sysem condraints naurdly reproduce consumption externdities because
they introduce interdependencies in consumption between consumer agents. These
extendities may dffect utilities through change in prices (pecuniary externdities) or
directly changing attributes (technologicd externdities). The CMNL mode represents
these externdties by meking z =zZ(P), then the system congraint is represented by an
endogenous cutoffs on these dtributes. This type of condraint is wel modded by the
cutoff factors aready defined in equations (4).

The combination of dl condraints redricts individud choices probability to the domain

_ J

D, =D,(\D;, which is defined by the augmented congtraints vector
i

q,=q' Eq'Eq'EqY;q, T R**). Then, the CMNL model (equaion 8) can be
extended to recognize system externdities asfollows

5 = fa(R)ep(mvy (R)) (13)
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where P is the constrained choice probability and f~ni =f . >, isthe compogte cutoff
factor induding individua and sysem condraints

Notice that sysem condraint effectivdy makes the individud utility dependent on other
consumers choices, then dependent on others utility leves by means of the joint
consumption of cgpacity and by consumption externdities. Such interdependency raises
numerous issues on cdibration process, which are beyond the scope of this paper, but it
adso rasestheissue of the complexity associated to the forecasting process.

The reg of this section examines the complexity issue in forecasing demand. Obsarve
thet equetion (14) represents a fixed point problem P = f(P), a sysdem of | XN non
linear equations. In the gppendix we prove the following theorem:

THEOREM : (Exigence, Uniqueness and Convergence) The CMNL mode has a unique

fixed point solution, and the fixed point iteration converges to the solution if:
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where | :max{w;n} is the maximum vadue beween disperson parangers of the

binomid and multinomid functions
Proof: See gppendix.

These conditions are obtained by imposing on f(P) that the Banach theorem'’s is satisfied
and thet its jacobian be less than 1, which is auffident —athough not necessary



condition for contractiveness. For each condition we use the co-marix ¥ -norm and 1
norm, respectivdly. The convergence result requires that a minimum disperson be
present on individuds choice behavior, tha is if the choice process is cose to
determinidic the convergence conditions are not guaranteed. In the theorem such
condition imposes minimum vaues for the digperdon parameters w and m of the
binomid and multinomia functions respectivey.

Observe that if the number of dterndives is very large, probabilities tend to be smdl.
Thus in large problems locd conditions ae normdly sdidfied, which means tha the
digpason paamges ae likdy to saidy the bounds. In our extensve dmulation
exedss, with smdl and large problems we have obtaned a high convergence
performance conddering the complexity of the non-linear system of equations (14).

Nevertheless, the conditions in the above theorem are very drong, because they are
aufficdent condition for condractiveness of the multinomid logit function over the whole
doman. In fact, violation of these bounds does not necessxily imply lack of
cordractiveness. Thus, a practicad use of the bounds for | in operaiond modds is as
control parameters, to check if the conditions are sdidfied a eech iteraion of the
olution dgarithm; if it is not, a waning flag should be rased and the following
iterations must be andyzed to check if the flag has turned off and the contractiveness
conditions are recovered.

The theorem condtitute a fundamenta advantageous property of the CMNL mode for its
aoplications to forecast urban sysems peformance. Indeed, under the presence of
externdities and cutoffs the market equilibrium problem involves solving complex non
lineer problems. Mog applications smply ignore these effects but this shortcoming
wrongly assumes that endogenous dtributes are exogenous variables thus results most
likdy violate condrants and miss-cdculate utilities. The theorem asaures that the fixed
point agorithm converge to the unique solution under catan (normdly stidfied)



conditions The theorem may be extended to other logit Sructures for example the
Nested and Mixed Logit, which aso remainsfor further research.

EVALUATION TOOLS

The above defined CMNL modd is used in this section to derive two evauation tools.
The firs one is a measure of the sociad benefit associated to choices made, defined as the
maximum expected individuas utilities aggregated across the populaion. The second
one meesures the socid cost of policies that condrains consumption (eg. capacities and
regulations), meesured as the shadow price of each demental condraint.

Congder the CMNL utility, equation (11), evduated a the demand solution, that is a
the forecast of the utility level and demand for dternatives. It is possble to examine the

expected maximum utility level that the consumer can obtain from the subset 5n , which
isgiven by the following logsum formula

(N

U,c ==Ing f,, exp(mvS) g (14)
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This equation meeaures the individud’s maximum expected benefit obtained from the
choiceset C, which we use to andyze the impact of urban policdes on individuds
satisfaction. An aggregete utility across N consumers associated to the dterndtives st C
Is:

4 I8 F, sexp(mi/S)} (15)
n 1 u



which represents the utilitarian socid measure of the consumers  benefits, this measure
ignores distribution issues’. Notice that the domain of  this sodid utility function is

~ N = - =
D. =D, defined by the augmented vector g =| Ja,; g.T R®*"”™. Notice dso

that the parameter m is normaly unknown in goplied MNL modds, because it is
theordticdly embedded in the parangters cdibrated for of compensated utility
V¢ =V , then in this case the parameter m can be comectly assumed equa to one
Equation (15) provides a measure of the socid bendit yidd by given urban sysem,
which can be usad for evauating different scenarios of the urban system, for example to
evduae land reguldions in location choice process and trangport policies that affect
demand of specific trangport modes.

Fom the sodd bendfit one can deive the magind sodd utility of violating a given
condraint, or the vadue of loosen the condrant margindly, which is known as the
shadow price of the condrant. Then, the shadow price (S;) associated to the jm
condraint, denoted q~jT q~vaith |I=1,...L and L=(2K+I), is cdculated as the margind
utility of rlaxing the congraint. Then:
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Again, in goplied sudies the scale parameter m isassumed equd to one.

This result shows that the shadow price is drictly non-negetive and increases as demand
for dternatives close to the edge of the domain increases, because cutoff factors tends to
zero S0 the term in parenthess and §  are drictly postive in that case. Conversdy, if the

® Distributions with different equity criteria.can be introduced by adding differentiated social valuesfor
consumers' benefits.



choice pattern is suffidently far from the cutoff in the interior of the domain, shadow
prices tend to zero, which is conggent with the theoreticdly expected shadow price for
not binding cutoffs.

The tems in brackets recognize that our modd indudes multiple condrants —
individud thresholds and sysem capadties potentidly interdependent; if they were
independent  then the cross-derivatives are equd to zero and the shadow price is only
dependent on the correponding cutoff. This is a rdevant point because cross
dependency between cutoff is likdy to occur. Think for example on the effects of
increasing the levd of the individud’s acceptance of travel time by car, then more usrs
are expected to show up in congested roads, thus increesing the leve of congestion and,
therefore, increasing the shadow price of road cgpacity condraints. Another example is
in land use, where a dronger zone regulation, like the minimum dengty, induce sverd
effects on land vadues and locaion patterns, which may activaie resdents thresholds on
neighbor environmert.

APPLICATIONS

The application of condrained logit modds covers the whole range of discrete choice
proceses in economic sysems where endogenous and exogenous, individud and

system, condrants are numerous.

In modding the transport system the modd can be goplied both for demand and supply
choices In travd demand, usud cutoffs are budget and time resources, which ae
assumed exogenous in the context of trangport decisons. Examples of endogenous
cutoffs are associaed with severd dtributes minimum  activity leve a dedtination for
dtracting trips, maximum spent on trave, walting and access times to public trangport.
Another cutoff is the maximum waking limit, which may be taken as exogenous for



handicgpped and ddely, or as endogenous for other travders In vehicde route
assgnment modds road and vehicdes capacities are exogenous cutoffs while time a
traffic jamsis endogenous.

In location and land use modding cutoffs are paticularly rdevant. Red edate atributes
are usudly numerous, then atribute thresholds are dso numerous and diverse. Reevant
location options is another interesting case, because agents are likedy to have cognitive
condraints to evduate dl dterndive zones in a dty, hence cutoffs hep to modd this
issue more redigticdly by restraning the scope of the spatid search. A amilar argument
goplies for the dedtination choice in the travd demand modd. The non-negdive profit
condraint for the red date production modd is an economic reasonable assumption for
the behavior of suppliers, in addition to planning regulations which represant the most
numerous and diverse st of condraints for red estate supply.

CONCLUSONS

Advances in discrete choice modding has not stopped in the lagt three decades, but
chdlenges to replicate the actud behavior of agents are Hill very open. Better techniques
ae dealy neaded to ded with the high complexity of this problem and more specific
modds ae required for the large variety of goplications. Thus modds tha explictly
incorporate specific and complete sets of condraints to the choice process ae clearly
revan.

This paper proposes a method that builds upon previous techniques to make random
utility modds more redidic, by adding to the theoreticaly sound compensatory utility
functions, the additiond flexibility to cope with condrants to individuds behavior. One
advantege of this method is that it does not impose any limitation on the compensatory
utility function, contrarily, it enhanced any function in its domain border.



Our method was gpplied to multinomid logit modds and hes the fdlowing
characteridics Physcd and economicd condraints (cdled exogenous) and atributes
thresholds (endogenous condraints) are modded as <oft cutoffs controlled by a
dochagtic compliance tolerance. Appropriate cutoff factors reproduce the wide range of
individua and sydem condrants. A new reduced utility function is maximized yidding
a multinomid logit probability function, where usud compensatory Utilities are replaced
by the new condrained utlity. The resuts is the condraned multinomia logit modd
(CMNL) that preserves the dose form of the MNL modd, dlowing the choice domain
to be condrained by as many cutoffs as required, limiting both upper and lower leves of
vaiables. The paper ds0 andyses the use of the modd for the forecading gpplication,
because sevard cutoffs introduce extra complexity in solving the modd to find the
demand. The solution problem has a fixed point whose exigence and uniqueness is
proved; we aso prove tha fixed-point iteration converges to the solution. Our empiricd
tets show that convergence is highly effident for the complexity of the nortlinear
equationsinvolved.

The CMNL modd provides an enhanced gpplication of the random utility modd for
discrete choice modding, which condrans utility to a more redidic doman yidding
aso more redigic choice probabilities. The modd aso produces two evaduation results.
One is a sodd benefit measure for condrained setting and the other one is te shadow
price for each cutoff. These ae ussful tool for the economic evduation of policies
affecting perceptions of atribute cutoffs (for example by education champagnes) or

system capecities.
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APPENDIX

In this appendix we prove the theorem of existence, uniqueness and convergence of the
fixed point problem associated with choice externdities.

THEROEM A1 (Existence of endogenous cutoffs solutions):
The CMNL mode has a fixed Point solution.

Proof:

A direct gpplication of the Brower’ s fixed point theorem yidds this result.
THEROEM A2:(Convergence of endogenous cutoffs fixed points):

The CMNL model has a unique fixed point solution, and the fixed point iteration
converge to the solution if one of the following conditions holds:
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where | = max{m; max, w, ; max W, | isthe maximum scale factor over utility and cutoff
ditributions.

Pr oof

If some of the conditions holds, then the jacobian of the logit function presented

in equation (13) has norm less than ae. On the firgt condition it is true for the matrix ¥-
noom and on the second for the matrix 1-norm. This means that the function is

contractive and an gpplication of the Banach fixed point theorem yields the result.

Now we cdculate the two jacobian noms to obtain these conditions. The two
jacobian norms are the following:
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where f is the MNL function presented in equation (13) and P is the MNL probability.
Thef function is such thet:
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where d, equas Liff i=zand 0 otherwise.

Successve gpplications of the triangular inequdity, the fact that |f -f. |£1 ad the
drict pogitivity of the scae factors m wi ,\w and the probahilities, yields the following
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Let | = {m max, W, ; max W, } be the maximum disperson parametars over the

binomia and multinomid funcilons Wehave
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Then for the ¥-norm we can write
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and for the 1-norm:
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By drictly bounding the above two norm bounds we get the theorem conditions and the
proof.



